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We develop polarization observables for the processes 7iV — > rnrN and wN — > tttvN, using both a 
helicity and hybrid helicity-transversity basis. Such observables are crucial if processes that produce 
final states consisting of a spin- 1/2 baryon and two pseudoscalar mesons are to be fully exploited 
for baryon spectroscopy. We derive relationships among the observables, as well as inequalities that 
they must satisfy. We also discuss the observables that must be measured in 'complete' experiments, 
and briefly examine the prospects for measurement of some of these observables in the near future. 
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I. INTRODUCTION AND MOTIVATION 

>: 

Polarization asymmetries are an essential ingredient in the interpretation of various meson production reactions 
t-H . in terms of the various resonances that contribute to the processes as real or virtual intermediate states. For in- 
stance, much of the information that we have on the light baryon resonances has been garnered from pion-nucleon 
and kaon- nucleon scattering experiments. In addition, photoproduction experiments have augmented the database 
of measurements that provide information on these resonances. The differential and total cross sections for these 
reactions, together with various polarization observables, are used to extract the amplitudes for the process, and these 
■ are then interpreted as arising from a number of resonant and non-resonant contributions P, ■ 

For processes in which the final state consists of a nucleon (or a spin-1/2 baryon, in general) and a pseudoscalar 
meson, the polarization observables, their relationship to helicity or transversity amplitudes, and the measurements 
needed to extract each observable are all well documented Q, 0, 0, 0, IE El For processes in which the final state 
contains two pseudoscalar mesons (along with a nucleon), the state of development is much less complete. For the 
most part, the final state with two pseudoscalar mesons and a nucleon (mainly Nirir) has been treated as arising 
J> , from either of the quasi- two-body states An or Np, followed by the decay of the A or the p [?J. The Np channel 
in particular, or more generally, the NV channel, where V is a vector meson, hase received some attention in recent 
years |8( . A number of authors have formulated treatments based on more general quasi-two-body approaches 9] . 

This approach has been reasonably successful in the past, as the available data came from high energy experiments. 
With today's facilities running at all energies from threshold up to relatively high energies, a more complete description 
of polarization observables for the three-body final state such as we have been describing is warranted. Indeed, such 
a description is essential in order to fully exploit the high-precision data that will be forthcoming. It must be stressed 
that experiments with more than a single pseudoscalar in the final state have been touted as our best hope for finding 
the so-called missing resonances [ljj. ^ is therefore timely and crucial that the polarization observables for such 
processes be elucidated in a more general framework, one that goes beyond the quasi-two-body assumption. 

The importance of polarization observables can not be overstated. In the case of photoproduction of a single 
pseudoscalar meson, four complex amplitudes of some sort - helicity, transversity, or Lorentz covariant, for example - 
are required to describe the process. Since one phase will always remain ambiguous, this means that seven 'numbers' 
are required at each kinematic point. The differential cross section provides information only on the sum of the absolute 
squares of these amplitudes. Polarization observables allow extraction of more information, including phases. For 
production of two pseudoscalar mesons, the same holds true. The process is described in terms of a number of 
amplitudes, and the differential cross section, in the form of mass distributions, angular distributions, or even five-fold 
differential distributions, only provides information on the sum of the absolute squares of these amplitudes. This is 
woefully inadequate for arriving at an unambiguous description of the process. As with the processes in which a single 
pseudoscalar meon is produced, polarization information is crucial. 

The rest of this article is organized as follows. For definiteness, we refer to the final state that we treat as Ntttt, 
but the formalism we present is valid for any final state that consists of a spin-1/2 baryon and two pseudoscalar 
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mesons. In addition, we also discuss final states with a single pseudoscalar meson in the final state, for the sake of 
comparison and completeness. In the next section we discuss the kinematics for the two- and three-body final states 
that we consider. In section III we introduce the formalism and notation by discussing the processes irN — > irN and 
ttN — > irirN. In section IV, we turn our attention to the processes 7^ — * irN and jN — > ttttN. In section V, we 
discuss the prospects for measurements of some of these observables at present facilities, especially JLab, as well as 
our conclusions. 



II. KINEMATICS AND CROSS SECTIONS 



A. Introduction 



For all of the processes we discuss, we work in the center of mass (com) frame, and define the momentum of the 
beam particle (pion or photon) to be 

k = (u,0,0,K) = (u,K), (1) 
with the momentum of the target nucleon being 

pi = (yfi-w,0,0,-K). (2) 
We define the collision plane in terms of the particle(s) recoiling against the final nucleon. Then 

q = U/s — E,ps'm9, O,pcos0) , (3) 
The x— , y— and z— axes are then defined as 

- t7 t K ^Q - V x 2 (a\ 
z = K, y = — — — -, x = — (4) 

|K x Q| \yx z\ 

It is also useful to define a set of axes in which the z' — axis is parallel to the momentum of the recoil nucleon. In this 
system, the y-axis coincides with the y-axis of the collision plane. In terms of momenta, the axes for this system are 

a ~/ PxK , y' x z' 
|P x K| \y' x z' I 



B. tvN -» TriV 



In the com frame, we choose the momenta of the initial pion and nucleon as in eqns. Q an d 101, while those for 
the final pion and nucleon are 

q = (ui, Qsin#, 0, Qcos#), P2 = (\/s — u>, — Q sin9, 0, — Q cos#), Q = K (6) 

and y/s is the total center of mass energy. The Mandelstam variables of interest are 

s = (fc+pi) 2 = (q+p 2 ) 2 , 

t = (q-k) 2 = (pi - p 2 ) 2 = 2m 2 - 2{s/s - uj) 2 - 2K 2 cos 9, (7) 
where m is the nucleon mass. The energies and momenta are 

s + [i 2 — m 2 

Q = K = A 1 / 2 ( S ,m 2 , M 2 )/(2V^), (8) 

(9) 

where X(a, b, c) = a 2 + b 2 + c 2 — 2ab — 2bc — 2ac is K ^lien's function, and fi is the pion mass. 
The cross section for the process is 



da = \M fl \ 2 4 4 _ d*p 2 dig 

V( Pl .fc) 2 -mV ' 1 ' (2nf2E (2^)32^ V 1 



After integration, this yields 



, \M fi \ 2 dn 2 

da= 16(2^)2 
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C. 7./V -> ttJV 

In the com frame, for real photons, the beam and target momenta are again as in eqns. Q| and ©, but now 
K = lo. For the pion and nucleon in the final state, the momenta are 

q= (uj',Q sin6, 0,Qcos9), p 2 = (y/s - to', -Q sinf, 0, -Q cosO). (11) 

The Mandelstam variable s has the same definition as before, but t now takes the form 

t= {q-kf = {pi-p 2 ) 2 = 2m 2 -2(^-uj)(^-co')-2QKcos9, (12) 

2vs 2^s 
After phase space integrations, the cross section for this process is 



_ Q\M fl \ 2 dn 2 

° 16(2ir) 2 ^K' 



D. tyN -> 7T7r7V 



For this process, k, pi and p 2 are defined as in the ttN — > 7riV process. q\ and (72 are the momenta of the two final 
state pions, and momentum conservation gives 

pi + k = p 2 + qi + <? 2 - (13) 
The momentum of the recoiling nucleon is taken to be 

Pi — (Vs- s^tt, -Qsin6>, 0,-Qcos6») , (14) 

where 



(qi+Qif (15) 



and 



A 1 / 2 (s, Stttt, m 2 ) , s 

Q = >-. (16) 

2^/s 

Here, we are using the recoiling nucleon, or more precisely, the recoiling pair of pions, to define the collision plane. 
The momentum of one of the pions may be written 

<fi = Qi (sin 6*i cos (fix , sin 9\ sin^x, cos#i) , (17) 

where Q±, 6± and <p\ can be written in terms of s, s W7r , 9, and the angles describing the motion of the pair of pions in 
their cm frame. The expressions are too complicated to be reproduced here. 
Wc define the Mandelstam variables s and t as 

s = (k+ Pl ) 2 , t=( Pl - P2 ) 2 . (18) 

In addition, we may define a number of other Mandelstam variables as 

SNTn = (P2+<7l) 2 , S N „ 2 = {p 2 + q 2 ) 2 , 

ti = (fc-9i) 2 , t 2 = (k-q 2 ) 2 . (19) 
Note that s^tt, sjvttj and snjt 2 are not all independent, as they satisfy 

s-KTt + SNm + s Nw2 = s - 2m 2 - 2jjL 2 (20) 
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The differential cross section for this process is described in terms of 5 kinematic variables. These may be, for 
instance, two Lorentz invariants and three angles. One obvious choice for one of the invariants is s. The choice of the 
other four quantities can be fairly arbitrary, and will depend on what information is being presented. One choice is 
the scattering angle of the nucleon, 9, or equivalently, t. For the other three variables, we can choose, for example, 
s W7r and dfl*^ = dO^^dcj)*^, consistent with the way we define the momenta. Another equally valid choice would be 
smtt 1 and df2^ , where the solid angle is defined in the rest frame of the nucleon-pion pair. In this work, we choose 
the kinematic variables s, t, s^r and dQ* n . 

The differential cross section is 



4-^/ (k.pi) 2 — m 2 n 2 

x( 27 r) S ( Pl + k- P2 - qi - g2 ) {2n)32E2 {2jt)32uji , (21) 

where M. is the amplitude for the transition, E 2 is the energy of the recoiling nucleon, and LUi is the energy of the ith 
pion. Carrying out the integrations using standard techniques yields 

d 5 cr 1 1 



ds W7T dft* v d cos 4 128(2 7 r) 4 s 3 / 2 i ; r i /^ 
where 4/^ 2 < s„ < (s — to) 2 , and K — A 1 / 2 (s, to 2 , ijl 2 ) / (2^J~s) 



■.\MrX^{s^, f /, f /)X^( S ,s^,m 2 ), (22) 



E. 77V -> nnN 

The kinematic treatment of this process is very much the same as for the process irN — > irirN. The main difference 
arises in the fact that, for the initial photon, k 2 = 0. We therefore do not discuss the kinematics of this process any 
further at this point, except to write down the form for the differential cross section. This is 

d 5 a 1 1 



ds^dQ* n d cos 6 4 128(2tt) 4 (s - m 2 )s y 



: \M\ A2( Sw7r , / i 2 , / i 2 )A2(s,s^,TO 2 ). (23) 



III. OBSERVABLES IN nN -> nN AND nN nnN 



For the processes irN — > irN and irN — > irirN, the matrix element M. can be written 

iM = x f (A + a ■ B) 0, (24) 

where \ an d $ are the Pauli spinors representing the final and initial nucleons, respectively. Here, the quantity 
A + a ■ B is the most general 2x2 matrix that can be constructed, and A and B are quantities that will contain all 
of the details of the 'model' used to describe the particular reaction being considered. At this point, their exact form 
is of no consequence. For both processes, we choose the nucleon momenta as defined in eqns. © and ©■ 

These two processes may be described in either the helicity or transversity basis. In the helicity basis, the axis of 
quantization of the spin of each nucleon is its direction of motion. For the initial nucleon, the helicity spinors are, 

+ = (j), *"=(S)> ( 25 ) 

while for the final nucleon, they are, 




In the transversity basis, the axis of quantization of the spin of each nucleon is the y-axis, which is as previously 
defined. For either initial or final nucleon, the transversity spinors are 

^ = 7i(Q' (27) 
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where the ± refer to the spin projection relative to the y-axis. 
For either of the processes being discussed, 



A + a-B 



A + B 3 B- 
B+ A- B 3 



A+ B- 
B+ A- 



whcrc we have defined 



A± = A±B 3 , B± = Bi±iB 2 , 



and the Bi are the Cartesian components of B. 

In terms of these, the four possible helicity amplitudes, iM\ N y , are 



(28) 



(29) 



iM++ 


9 

= A- cos - 
2 


q 

— B- sin - = 
2 


Mi, 


iM+- 


. . 9 
= A_sm- 


- B+ cos - = 


M 2 , 


iM-+ 


= — A + sin 


9 D 

-+B+COS- 


= M 


%M— 


9 

= A+ cos- 




+ B+ sin - = 


Ma. 



(30) 

In these equations, Aat is the helicity of the target nucleon, while Ajv' is that of the recoil nucleon. Note that in the 
form written above, A_ and _B_ occur in one block of helicity amplitudes, while A + and B + occur in another block, 
with no 'mixing' between the blocks. This makes inverting the equations very easy, yielding 



A = 


1 
2 


(Mi 




+ Mi) cos - 


+ (M 2 


0' 

-M 3 )sin- 


Bi = 


1 
2 


(M 2 


9 

+ M 3 )cos- 


+ (Mi 


- 7Wi) sin - 


B 2 = 


i 
2 


(M 2 


- M 3 ) cos - 


-(Mi 


» j \ 9' 
+ Mi) sin - 


B 3 = 


1 

2 


(Mi 


-7Wi) cos ^ 


-(M 2 


» j \ 9' 
+ M 3 )sm- 



(31) 

At this point, we have not yet used the parity properties of the helicity amplitudes. This will be discussed later. 

Two sets of transversity amplitudes may be defined. The first set are obtained by direct application of the transver- 
sity spinors defined above. We define these to be ib TNT > N , where n = ± is the projection of the spin of the state i 
along the y-axis (with the 1/2 suppressed), and these take the form 

ib ++ = A + B 2 = h, 
ib+_ = -(B 3 + iB 1 ) = b 2 , 
ib_+ = - (B 3 - iBi) = b 3 , 

tb— = A-B 2 = bi. (32) 
The 'block' structure is again apparent, and inverting these gives 

1 



Bi = - (b 2 - b 3 ) 



A = -(bi+bi) 
B 2 = Uh-h), B 3 = -\(b 2 + b 3 ). 



For observables defined in terms of these transversity amplitudes, the x', y' and z' axes that define the Cartesian 
components of polarization observables coincide with the axes that define the initial state. This is because the 
transversity spinors contain no explicit information about the angles defining the motion of the recoil nucleon. 
We can write the reaction rate /, as 



Pfl = Iq 



1 + A, -P + a-P' + KyP'O a0 > 



(33) 
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where P represents the polarization asymmetry that arises if the target nucleon is polarized, pf — \ \ \ + a ■ P'J is 
the density matrix of the recoiling nucleon, and O a pi is the observable if the Cartesian a component of the target 
polarization is known and the /?' component of the recoil polarization is measured. The primes indicate that the recoil 
observables, defined in terms of helicity amplitudes, are measured with respect to the set of axes x' , y', z' , previously 
defined. If the observables are defined in terms of transversity amplitudes, the x' , y', z' axes are the same as the 
x, y, z axes. A; is the polarization of the initial nucleon. 



TABLE I: Polarization observables in single and double pion production using a pion beam, expressed in terms of helicity 
and transversity amplitudes. Variables labeled with a T require a polarized target with recoil polarization unmeasured, while 
those labeled with an R require an unpolarized target, but the recoil polarization is measured. Those denoted TR require 
polarized targets, with recoil polarization measured. The measurements required are shown by the pair {t, r}, which denote 
the component of the target (t) or recoil (r) polarization that must known or measured. For the target polarization, the x-, y- 
and z-axes are as defined in the text. The x'-, y'- and z'-axes are also defined in the text, as is the notation for the transversity 
amplitudes. 



Observable 



Helicity Form 



Transversity Form 



Expt. Required 



Type 



Jo 
IqPx 

hPy 
I Pz 

hP x > 

hPy. 
IoPz> 



IqG vx 

hOyy 

IqO zx 

hO Z y 

IoO„ 



\Mi\ 2 + \M 2 \ 2 + \Ms\ 2 + \M4\ 2 

2fH(MiM* 3 +M2MI) 

-29 {M1MI+M2MV) 

-\M!\ 2 -\M 2 \ 2 + \M 3 \ 2 + \M±\ 2 

-2$t(MiM* 2 + M 3 Mt) 

29 (MiMl + M3MI) 

\Mi\ 2 -\M 2 \ 2 + \M 3 \ 2 -\M±\ 2 

-2R(M 2 Mt + M1M4) 
2^(~M 2 Ml +MiM%) 
25R (MiMt - M2MI) 
29 {M2MI +M1MI) 
2U(-M 2 M* 3 + MiM* 4 ) 
-25t (MiMl - M2MI) 
2U(MiM*2 -M3MI) 
-2% (MiM* 2 - M 3 M* 4 ) 
-\Mi\ 2 + \M 2 \ 2 + \M 3 \ 2 -\M 4 \ 2 



|bi| 2 + |6 2 | 2 + M 2 + N 2 



-29 (61 63" +6264) 

IM 2 



|bi| 2 + |b2| 2 



-2K(6i&l +b 2 bl) 

29 (bib* 2 +b 3 bt) 

M' + M 2 



N 

-23?(6i6I + 6 3 6I) 

2K(-fe2&3 + &1&4) 

-29 (61 61 -b 2 bl) 
29 (6263 +6164) 
29(6i6I -&36I) 

M 9 -M 3 -M a +M 5 

23*(-&i63 +b-M) 

29(6263 - WD 
25R(-6i6^ +6 2 &:) 
25R(6 2 61 +616I) 



{-;-} 

{*;-} 
{y;-} 
{>;-} 

{-,*'} 
{-;</} 
{-;*'} 

{x;x'} 
{x;z>} 

{w,x'} 
{y;y'} 
{y;z'} 

{z;x'} 

{z;y'} 

{z;z'} 



T 



R 



TR 



The sixteen polarization observables that are possible are shown in table [fl These sixteen quantities are not all 
independent, as a number of relationships can be obtained among them. We first list six relationships that arise from 
considering the absolute magnitudes of the transversity amplitudes. These are 

(P a / ± O vx ,f + (P z , ± O yz ,f = (l±Pyf -{Py,±O yy ,)\ 

{P x ±O xy ,f + (P z ±O zy ,f = (l±P y ,) 2 -(P y ±O yy ,)\ 

{0 XX >±0 ZZ ,f + (0 XZ ,TO ZX ,f = {l±Oyy,f -{P y ±Py,f . (34) 

These six identities may be used to place limits on the absolute magnitudes of some of the observables. Since the 
left-hand sides of all six of these equations are positive definite, we obtain the inequalities 

|1±P W | > \Py,±Oy y ,\, 

\l±P y ,\ > \Py±O yy ,\, 

\l±Oyy,\ > \Py±Py>\. 

These are similar to the inequalities usually reported in the literature for pion photoproduction, for instance. In fact, 
simple rearrangement of the equations above allow a larger set of inequalities to be written. These are 

|liP y | > {\P y ,±O yy ,\,\P X ,±O yx ,\,\P Z ,±Oy Z ,\} : 
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\l±Py,\ > {\Py±O yy ,\,\P x ±O xy ,\,\P z ±O zy ,\}, 
\l±Oyy,\ > {\P y ±P y ,\,\0 XX ,±0 ZZ ,\,\0 XZ ,TO ZX ,\}. 

Further manipulation of these inequalities leads to 

l+P 2 y > {P^+0 2 yy/ ,P! /+ 2 ux/ ,P!,+0 2 uzl }, 

l + Pyl ^ {Py + O yyl , P^ ^ y I , ^" } , 

i + o 2 yy , > {p 2 + p 2 ,o 2 xxI + o 2 zz ,,o 2 xz , + o 2 zx ,}. 

Of the sixteen observables, ten are therefore independent. We can further reduce the number of independent 
observables by using the relationships that exist among the phases of the transversity amplitudes. Since there will 
be one overall phase that is unmeasurable, only three of the relative phases are independent. This means that three 
relative phases can be eliminated, providing three more relationships among the observables, leaving seven independent 
observables. The three identities obtained this way can be displayed in a number of different ways, depending on, for 
instance, which phases (or phase differences) are chosen to be the independent ones. Writing bi = pie 1 ^ 1 , and defining 
all phase differences relative to 4 , we obtain 

fV + <V _ (Oxz'-O zx ,){O zy ,-P z )-(O xx , + O zz ,){O xy ,-P z ) 



P z , + O yz , {O xx , + O zz ,) {O zv , - P z ) + {O xz , - O zx ,) [O xy , - P x ) ' 

Px + Oxy' = {Oxz' ~ Ozx') {Oyz' - Pz') - {O xx' + Ozz') {Px' ~ Oyx>) 

p z + o zz , ~' {o xx , + o zz ,){o yz ,-p z ,) + {o xzl -o zxl ){p x ,-o yxl y 

Oxz' + Ozx' . {Oxy' ~ Px) {Oyz' - Pz') ~ {Px' - Oyx') {O zy' - Pz) 

ZZ , ^ XX , {0 Zy , - P Z ) {Oy Z , -P Z ') + {0 X y, - P X ) {P X I ~ Oy X ,) ' 



(35) 



We emphasize here that we have only considered the relationships among the observables. The number seven does 
not necessarily represent a 'minimal set' that must be measured for the so-called 'complete' experiment. We postpone 
such a discussion until later in this section. 

It is interesting to note that we can obtain a different set of relationships among the observables by consideration 
of the hclicity amplitudes instead of the transversity ones. Proceeding in this way, the relationships obtained are 

{P X i XZ ,f + {Py i Oy Z ,f = {l±P Z 'f -{P Z ±0 ZZ 'f , 
{0 Xxl ±Oyy,) 2 + {0 Xy , T O yX ') 2 = {l±0 ZZ ,f -{P Z ±P Z ,f , 

{P x ,±O zx ,f + {P yl ±O zv ,) 2 = (1 ± P z f - {P z , ± Ozz') 2 • (36) 
The corresponding inequalities obtained from these are 

|1±P Z /| > {\P Z ±0 ZZ ,\,\P X ±0 XZ ,\,\Py±Oy Z ,\}, 
\l±0 ZZ ,\ > {\P Z ±P Z >\,\0 XX ,±Oyy,\,\0 X y,TO yX ,\}, 

\1±P Z \ > {\P z ,±O zz ,\,\P x ,±O zx ,\,\P y ,±O zy ,\} (37) 

and 

i + pI > {p! + o 2 zz ,,p 2 + o 2 xz „p 2 + o 2 yz ,}, 
i + o 2 zz , > {p 2 + Pl,o 2 xx , + ol y „ol y , + o 2 yx ,}, 

l + P 2 > {P 2 ,+0 2 zz ,,P 2 +0 2 zx ,,P 2 +0 2 zy ,}. (38) 
In a similar manner, a set of relationships may be obtained by considering the phases of the helicity amplitudes. 



A. Required Experimental Measurements in ttN — » tittN 

Information on baryon spectroscopy is obtained from processes like irN — > ttN by extracting the hclicity or transver- 
sity (or partial wave) amplitudes for the process. These amplitudes are then interpreted in terms of baryon resonances. 
There is therefore a great deal of interest in knowing how many measurements must be made at each kinematic point, 
in order to extract the amplitudes. For this discussion, we focus on the process irN — > wwN, since such discussions 
have already been documented for irN — > irN. 
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If we write hi = pie 1 ^* , then the quantities Io, P y , P y > and O yy > must be measured at each kinematic point to provide 
the information needed to extract the pi unambiguously. In the bilinear combinations of transversity amplitudes, there 
are six phase differences that occur, but only three of these are independent. Any three can be chosen, so we discuss 

012 = 4>X - 02, 034 = 03 - 04 and 023 = 02 - 03- 

To access 0i2, two of the four quantities P x r, P z > , O yx ' and O yz > should be measured at each kinematic point. 
The pair of measurements P X ' and O yx ', or P z > and O yz ', would provide 'cleaner' solutions for 0i2. Note that these 
measurement would also provide 034, and both of these phase differences would be subject to the well-known 'quadrant 
ambiguities' 0. 

This leaves one more phase difference to be determined. If we choose this to be 023, then measurement of one of 
0J.J./, O zx i, O xz ' or O zz ' will allow its extraction. In order to do this, however, the other phase that occurs in these 
observables, 0i4, will have to be written in terms of the two phases already extracted and 023 as 

014 = 01 - 04 = 01 - 02 + 02 - 03 + 03 - 04 = 012 + 023 + 034- (39) 

Then, the only unknown in the measured quantity would be 023. 

A similar analysis can be made in terms of the helicity amplitudes. In this case, Iq, P Z) P z i and O zz i must be 
measured at each kinematic point in order to determine the magnitudes of the helicity amplitudes. Two measurements 
from among P x > , P y i , O zx ' and O zy > will provide enough information to determine two of the relative phases, for 
instance, and one measurement from among P x , P y , O xz > and O yz : will provide enough information to determine the 
last phase needed. 

The bottom line is that in order to extract reliable information on baryon properties, the helicity or transversity 
amplitudes must be extracted with some degree of certainty, and this can only be done if at least seven judiciously 
chosen measurements are performed at each kinematic point. This also means that both single and double polarization 
measurements will be essential. This is similar to the conclusion of ref. [(J in their analysis of pion photoproduction, 
and is independent of whether the observables are described in terms of helicity, transversity, or other amplitudes. 



B. Parity Conservation 

The properties of the helicity and transversity amplitudes for a process a + b — ► c+d are well known. For irN — > ttN, 
the relationships among the helicity amplitudes are written 

M-x N -y N (0) = (-l) x »- x '»M XN y N (9), (40) 

where 9 is as defined in eqn. ©. The corresponding relationships for transversity amplitudes are |12| 

b TNT , N {9) = {-iy»-^b TNT , N {9). (41) 

Parity conservation therefore means that some of the transversity amplitudes vanish exactly. 

In general, a minimum of three angles are needed to describe the scattering amplitude for a process a + b — > c + d + e. 
For the specific case of irN — > irirN, we choose these angles to be as defined in eqns. (|14() and l|17(l . The relationships 
that arise among the helicity amplitudes may then be written 

M-^-yje, 0i, 0i) = (-l) XN - y -M XN y N (9, 6 lt 2n - 0i). (42) 

These relations can not be used to decrease the number of independent helicity amplitudes, but they can be used to 
determine which of the observables are even or odd under the transformation <pi <-> 2n — 0i . 



C. Construction of Transition Amplitudes 

1. ttN -> nN 

For this process, A must be a scalar, and B an axial vector. With the kinematics for this process as previously 
defined, we can write A and B as 



A = a, 

k x q 



B = & 



k x q 



(43) 
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where a and j3 are scalar quantities that contain all of the details of whatever model is constructed to describe the 
process. These can be compared to the form usually written for this process pj, namely 

iM = xHf + go ■ n) , (44) 

where n — t|^4t- This means that we can identify a — f and f3 — g. With these kinematics, B\ = B3 = 0, leading to 

I k x g| 

Mi = Mi, M 2 = -M 3 (45) 

in the helicity basis, or 

b 2 = 63 = (46) 

in the transversity basis. Two of the transversity amplitudes (the transversity-'fhp' amplitudes) vanish identically (as 
expected), meaning that this process is exactly 'transversity conserving'. The relationships among the helicity ampli- 
tudes expected from considerations of parity symmetry are therefore obtained. Many of the polarization observables 
now become redundant, or vanish identically: 

P x P z P x i P z > X y> O yx ' — Oy Z f — 0%yf ^3 

I = l-Mil 2 + \m 2 \ 2 = \h\ 2 + N 2 - o w , 

Py = 23 (MXM* 2 ) = \h\ 2 ~ \b 2 \ 2 = P y> , 

O xx , = - |7Wi| 2 + \M 2 \ 2 = 23ft (hbl) O zz ,, 

O xz , = -2^{MxM* 2 ) = 2%{b 1 bl) -O zx ,, (47) 

and there are only four independent observables, as expected. From consideration of the transversity amplitudes, it 
is 'obvious' why O yy i and Iq are equal. The relationships among observables reduces to a single relationship in this 
case, namely 

P 2 +Ol x ,+0 2 xz , = l. (48) 

We note that the convention has been to choose both sets of axes for this process to be the same. This introduces 
explicit factors of cosf? and sin9 into the observables. If we choose unrotated primed axes, the relationships among 
the observables we have defined, and those found in the literature, are, 

R = Oxx' cos 9 — O xz i sin#, 
A = Oxx' sin6> + Oxz' cos 9. 

In terms of A and R, the identity that must be satisfied is 



P 2 + R 2 +A 2 = l. (49) 



2. ttN -> 7T7r7V 

For this process, there are three independent three-momenta, which we can choose to be k, p 2 and q\, where q\ is 
the momentum of one of the final pions. These have all been defined previously. In this case, A must be a pseudoscalar 
quantity, while B must be a vector. The only possibilities are 

A = al c • p 2 x gi, 

B = fok + fcfc+Mu (50) 

where a and the f3i depend only on scalar products of the vectors in the problem. For this case, B has x, y and 
z components, and none of the four helicity amplitudes are independent. Furthermore, none of the polarization 
observables vanish exactly, and all are independent. However, using the properties of the helicity amplitudes, we 
can predict that the observables P x , P z , P x i, P z >, O xy /, O yx i, O yz i and O zy i are all odd under the transformation 
4>i <-+ 2tt — 4>x- The other eight observables are all even under this transformation. 
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IV. OBSERVABLES IN 7 iV -» nN AND 7 iV -» nnN 



We can treat these two processes in a framework similar to that used for ttN — * ttN and irN — > 7T7T./V by writing 

«X = X f (A" + ViBij ) > ( 51 ) 

where e is the polarization vector of the initial photon, Aj are the components of a vector (jN —> irnN) or an axial 
vector (7 AT — > 7riV), and By is a tensor (7JV — > 7r7V) or pseudotensor (jN — > itttN). The amplitude takes the form 



i/Vf = 



where 



A ±j = A ± B 3j , B ±J = Bij ± J# 2 j, 
7T7riV. 



in analogy with our treatment of 7riV — > 7riV and 7rAi 
Defining the helicity amplitudes 



iM x _ = M\, 

where A is the helicity of the photon, and the transversity amplitudes 

lb X ++ EE ft* 



i 



& A _ = &*, 



we find 





1 

2 


(^1 


+ M X ) 


6 

cos - 
2 


+ (A^2 


-M x ) 


. 6~ 
sm — 
2_ 


2 V 1 


+ &4) , 


B ii £ jW = 


1 

2 


(^2 


+ M X ) 


e 

cos - 
2 


+ (A^4 


-M x ) 


. 6»" 
sm — 
2_ 






B 2j e j (X) = 


i 
2 


(M% 


-M x ) 


6> 

cos - 
2 


-(M x 


+ M X ) 


. 6>~ 
sm — 
2_ 


= 1(6} 
2 V 1 


- ) , 


B3j£jW = 


1 

2 


(M x 


-M x ) 


6> 

cos - 
2 


-{M x 


+ M X ) 


6»" 
sin — 

2 




+ & A ). 



(52) 



(53) 



(54) 



(55) 



(56) 

Note that the amplitudes b x are not strictly transversity amplitudes, as the photon spin is still quantized along its 
direction of motion. Quantizing along the transverse direction requires construction of the combinations T> i = b^±b^ . 

The transversity spinors of eqn. I|27|l can be written as linear superpositions of the helicity spinors of eqns. I|25|) 
and 1|26[) . The expressions are 



6+ 



-^(^-#-) = ^/ 2 ( x + -ix-), 



1 



(57) 



This allows yet another set of amplitudes, iT~ T ^ T , , to be defined in terms of the helicity amplitudes. These are 



iT 



++ 



It 



-e-^ 2 [Mf + M±+i (Mf - Mf)] 
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— 2 2 — 


\e lB/2 [Mf - 


Mf- 


i (Mf 4 


Mf)] , 


iT± + 


- Tt = 




-Mf 


+ i(Mf 


+ Mf)] 


iT±_ 


- T? = 


\e w l 2 [Mf + 


Mf- 


i {Mf - 


Mf)] ■ 



(58) 



Full transversity amplitudes can be constructed from these as X>[ 7 = T+ ± Tf. For 7 TV -> irN, the resulting 
amplitudes are similar to those found in the literature, but the phases e ±lS / 2 are absent from the published forms (see 
ref. 0, page 270). 

We can write the reaction rate L as 



Pf I = 7o{(l + Ai- P + a ■ P' + A?a a ' ' O a $, 



+ 5 Q (j + A, • P + a ■ P ' + A'/ o ' O 



aB' 



in 2/3 (i 8 + Ai -P s + a- P sl + Afa^'o 3 
cos 2/3 (/ c + A, • P c + a ■ P cl + Afcr^'oO] } 



(59) 



where P represents the polarization asymmetry that arises if the target nucleon is polarized, p/ = ^ (1 + a ■ P'j is 

the density matrix of the recoiling nucleon, and O a a> is the observable if both the target and recoil polarization are 
measured. The primes indicate that the recoil observables are measured with respect to a set of axes x', y' , z', in 
which z' is along the direction of motion of the recoiling nucleon, and y' = y. Sq is the degree of circular polarization 
in the photon beam, while 5g is the degree of linear polarization, with the direction of polarization being at an angle 
/3 to the x-axis. 

The polarization observables that arise for these two processes are given in the four tables that follow. Note that 
there are 64 polarization observables in general. 

As was the case with the pion-induced reactions, there are a number of relationships among these 64 polarization 
observables. In fact, there are 28 relations that arise from consideration of the absolute magnitudes of the helicity 
or transversity amplitudes, and another 21 that arise from consideration of their phases, leaving 15 independent 
quantities. We list here the relations that arise from considerations of the absolute magnitudes of the amplitudes hi. 



P 



[1 



-^ y + C(/ + £if)] 2 



P 



y' 



P z >+£,O yz ,+t(p?,+&%, 



p 



to xy , 



-t[pu + nou yl 



s v 



P„ 



p z + io zy , + c [p. 



[o xz . 
= 1 



£,Oyy> 



+ c (og, - iO%,)] 2 + [o„, + to,, - { (o° , + £OS,)] : 



s yy' 



Py+CPy-C [P, 



[i s + CO 



yy 



C (Py + tfy] ^[I^ iO% y , + C {PS + iPy,)] 2 



<(Py+£Py 



J + 



&yy' + C ( 



if + CPS 



<0 S y x , 



C (p c z , + £O c yz ,)] 2 + [PJ + £O s yz , - C (PZ + ZO c vx ,)] '■ 

- [l G +HP y Q +t(Py>+tiOyy,)] 2 , 



([Py'+^vV 



[P* 



1 + 



ZPy' 



c (pi + ioiy,)] 2 + [p: + zo s zv , - c (p. + io xy ,)] 



P 



^ yy' 



I Q +^-C{P y +^Oy 
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TABLE II: Polarization observables of single and double pion photoproduction in terms of the helicity and transversity am- 
plitudes. These observables arise with an unpolarized photon beam. Variables labeled with a T require a polarized target 
with recoil polarization unmeasured, while those labeled with an R require an unpolarized target, but the recoil polarization 
is measured. Those denoted TR require polarized targets, with recoil polarization measured. The measurements required are 
shown by the set {b, t,r}, which denote the component of the target (t) or recoil (r) polarization that must known or measured. 
For the target polarization, the x-, y- and 2-axes are as defined in the text. The x'-, y'- and z'-axes are also defined in the 
text, as is the notation for the transversity amplitudes. 



Observable 



Io 

laPy 

I Pz 
!oP x i 

IaP y , 

IoP z > 
IoO xx , 
IoO xy , 
I°O xz , 
IoO yx / 

IoO yy , 
hO yz , 
IoO zx , 
IoO zy , 

IoO zz , 



Helicity Form 



T2 i ~TT2 i T2 i ~TT2 

M~\ + \M+\ + \M~\ +|.M+| 

+ \m-\ 2 + 1-^ | 2 + \ M i\ 2 + \ M t\ 2 

2SR (M~M-* + M+M+* + M~M~* + M+ M+*) 
-29 (M-M-* + M+M+* + M~M~* + M+M+*^ 





M- 


2 


M + 


2 


M~ 


2 




+ 


M- 


2 

+ 


M+ 


2 

+ 


M l 


2 

+ 





-2SR {M~M~ * + M+M+* + M~M~* + M+M+") 
29 [m~M~ * + M+M+* + M~M~* + M+M+*) 

I |2 I ,12 I 12 I ,12 

\ M i \ + \ M i\ - \ M 2 \ - \ M i\ 

I 1 2 I , 1 2 I 1 2 I ,12 

+ \m~ I + \m+\ - \m-\ - \M+\ 

-23? + M + M + * + M~M-* + -M + A4 + *) 

29 (-M-M-* - M + M + ' + M~M~* + M + A4 + *) 
25R (m~M-* + M+M+* - M~M~* - M+M+*) 
29 [m~M~* + M+M+* + M~M~* + M+M+*) 

25R (-M~M~* - M+M+" + M^Ml" + A4+.M+*) 
-29 (m~M~ * + M+M+* - M~M~* - M+M+") 
25R (m~M~ * + M+M+* - M~M~* - M+M+*) 
-29 [m~M~* + M+M+* - M~M~* - M+M+') 



M- 


2 


M + 


2 

+ 


M~ 


2 

+ 


M+ 


M~ 


2 

+ 


M+ 


2 




2 


M + 



Transversity Form 
I _ I 'A 1 t 1 2 r 



+ \ b 3 J + \ b 3 J + \ b 4 J + | b 4 I 

-29 (b-6-* + 6+6+* + 6-6"* + 6+6+*) 

I |2 I 1 I 2 I 12 I 1 I 2 

b i" + K + b 2 + K 

1 1 2 1 1 1 2 1 1 2 1 , 1 2 

-\ b 3 \ -\k\ -\ b i\ 

-2U (6-63- + 6+6+* + 6-6"* + 6+6+*) 
29 (6"6-* + 6+6+* + 63-6-* + 6+6+*) 



+ b 3 _ +K 



\ b '\ -\ b i\ 

I 1 2 1,1 
- 67 - 6+ 



-2'St (6"6 2 -* + 6+6+* + 63-6-* + 6+6+*) 
2K (-6-63- -6+6+* +6-67* +6+6+*) 
-29 (6-63-* + 6+6+* - 6-6 4 - - 6+6+*) 
29 (6-63- + 6+6+* + 6-67* + 6+6+*) 
29 ( 6 - 6 2 - + 6+ 6 2 +* - 63-67* - 6+6+*) 

I |2 |i|2 I |2 |i|2 

b i + fc + - \b-\ - 6+ 

I I 2 I 1 I 2 I I 2 I 1 I 2 
- | fc 3 J - \ b t\ + | b 4 J + |6^| 

2»(-6-&-* - 6+6+* + 6 3 -67* + 6+6+*) 
29 (&-&-* + 6+6+* - 6-67* - 6+6+*) 
2SR (-6-63* -6+6+* +6-6-* +6+6+*) 

23i (6-63* + 6+6+* + 6-67* + 6+6+*) 



Expt. 



{-;-;-} 
{-;*;-} 

{-;y;-} 

{-;^;-} 
{-•-' 

{-'-« 

{"'-' 

I — ; x\ x 

{-; 
{-;-; 
{-;,; 

{-;y; 
{-;« 

{-'«' 
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TABLE III: Polarization observables of single and double pion photoproduction in terms of the helicity and transversity 
amplitudes. These observables arise with circularly polarized photons. The notation is as in tabic ITT1 



( ) 1 >sor vablc 



IoP? 



XX 

IoO & 

ya 

VI 

za 
zy 

/oO e , 



Helicity form 



2K 



Ml 
Mr, 



+ 


M+ 


•i 


M- 


•2 

+ 


M+ 


2 

+ 


M+ 


2 




2 

+ 


M + 




M+M+* 


- M 


2^ 4 



2Q (m~M-* - M + M + * + Ml Ml" - M + M\ 



m: 



\M- 



- M2 



') 



2 

+ 


M+ 


2 

+ 


M- 


2 


m+ 


2 

+ 


M+ 


2 

+ 


M7 


2 


M + 



MJ\ 

' I '|2'| ,12' I '12' I ',12 

- a<3 + LmJ - wr + \Mi\ 

23? {m~M~ * - M + M + * + Ml Ml" - M + M + * 

-2Q (m~M- * - M + M + * + Ml Ml" - M + Mj 

Ml 
Ml 

23? [Ml Ml* - M + M + * + Ml Ml" - M + M + * 
23 [Ml Ml* - M^M + * - Ml Ml* + M^M + * 
23? (-Ml Ml* + M + M + * + Ml Ml* - .M + .M + *) 
-23 [Ml Ml* - M + M + " + Ml Ml* - M + + 

23? [Ml Ml* - M + M + * - Ml Ml* + M + M + * 
2Q [Ml Ml* - M^M + * - Ml Ml* + M^M + * 
23? [-Ml Ml* + M+M+* + Ml Ml* - M + A4 + *) 
23 [Ml Ml* - M + M + * - Ml Ml* + .M + JV1 + *) 

I |2 I ,12 I 12 I ,12 

U/f" - Lvi+ - M 2 " + UW + 

I 1 2 I ,12 1 1 2 I ,12 

-\Ml\ +\Mt\ +\M7\ -\m+\ 



Transversity Form 



20 



'1 

+ 






hi 


2 

+ 


'4 


2 




2 




2 




+ 






i>4~ 


+ 



b+b+* + b-b-* -b+b+*) 





K 


2 

+ 




2 


i-2" 


2 

+ 


*>2 + 


+ 


*>3~ 


2 




2 

+ 


64" 


2 


&4 + 



23? (b~b- * - b+b+* + b^b^ 



:* -b+b+* +blbl* -b+b+" 



bl 


2 

+ 




2 

+ 


62" 


2 




f>3 


2 

+ 




2 

+ 


64" 


2 


6 4 + 



23? [blbl* 
23? (b 2 -b 3 -* 
20 (b-b-* 



b+b+* +blbl" -b+b+") 
b+b+* -blbl* + b+b+*) 
6+6+* -blbl* + 6+6+*) 



■6+6+* +6-6"* -6+6+* 



•' 0i~f>2~* - <W - b-b-* + b+b+*) 



2 

+ 




2 

+ 


b 2 " 


2 




2 




2 


&4~ 


2 

+ 





-b+b+* -b^l* + b+b+*) 
* -b+b+* - blbl* +b+b+* 
23? (6-63- - b+b+* - b 2 -b 4 -* + 6+6+*) 

23? [-blbl* + 6+6+* - b^b-* + b+b+* 



Expt. 



{c;-;-} 

{c;x; -} 

{c;y, -} 
{c;z;-} 

•j^c; — ; a;' 
{c; -; y' 

•j^c; a:; a: 7 
|c; x; y' 
^c; x; z f 
|c; J/; x' 

{c; y; y' 
{c; t/; z' 
•^c; z; a:' 
{c; z; J/' 

c; z; z 



Type 



■ 

B T 



B R 



loTR 
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TABLE IV: Polarization observables of single and double pion photoproduction in terms of the helicity and transversity 
amplitudes. These observables arise with linearly polarized photons, and are proportional to sin 2/3 in the cross section. The 
notation is as in table ITT1 



Obs. 



Helicity Form 



5 (m+m~ 
(m+m- 

23? (-M+M~ 
23 (m+M^* 
23 (m + M~* 
23? (m + M~* 
-23 (m + M~ 
23 (M+M-* 

2sr(-m+m- 

-23 (M+M3 
23? (M+M-* 
23 (M+M- * 
23? (-M+M3 
-23 (x + .M- 
23? (-X + A^" 
23 (m + M~* 



* +M+M-') 
'-M-M+A 

* +M-M + ') 
+ M + M-') 
-M-M+*) 
-M-M+") 

* - M + M-') 
-M-M + ') 

* -M-M + ') 

* +M-M + ') 
-M-M + ') 

+ m;m+*) 

* -M-M + ') 
*+M-M+*) 

* -M-Mf ) 
+ M+M~') 



Transversity Form 



TZ" 

{l 
II 

{ L 
II 

\ L 

\ L 
{l 

\ L 

\ L 
II 

(l 

\ L 
II 

\ L 



Expt. 



7±^ 

H 
(=*=*) 

(±f) 



Type 



I I S 
loPi 

iop; 
hp;, 

u xy' 

IqO 3 , 

yx' 

I O s , 
yy 

I0O 3 , 

yz 

/ O o 5 , 

ioO" , 



-2? 
-23 I 



+ M + M' * + m + tw; 

+ M-M+' - M+M] 

- M + M'" - M + M-' 

- M-M + * + M + M-' 

- M-M + * + M + M-' 

- M + M'" + M+M~ 

- M-M + * +M + M-' 
+ M-M + ' + M + M- 

- M~M+* - M + M- 

- M-M + * + M + M-' 

- M-M + * - M + M'' 
+ M-M + " + M + M] 

- M-M + * - M + M_ 
+ M~M + * + M + M] 

- M + M'" - M + M' * 



-23 (b+b 
23? (-6+ 
-23 (b+b~ 



1 "1 
+ K 



23 




23? 


b+b-* 


-25 
23 


$(6+6- 
[b+b-* 


23 
23? 


'-bib- 


23? 
23? 


'btb-' 
'b+b-' 



-23 (b+b-* 
23 (b+b-* - 
23? (b+b-* - 
23 (6+63 * - 
-23(6+6-- 



+ 6+6 2 * + 6+6" 
+ 6-6+* - 6+6- 
+ 6+6-* -b+b- 
-676+* +6+6"* 
-676+* +6+6"* 
-b+b-* +6+63- 
-6-6+* +6+6J* 
-6-6+* -6+6"* 
+ 6- 6+* + 6+6- 
-6-6+* +6+64* 
-6-6+* -6+6"* 
- 6+6-* - 6+63 
-6-6+* -6+6-* 
-6-6+* - 6+67' 



*+^T* 

* +6-6+* 

* - tf*7* 
-6-6+* 

-63-6+* 

* ~ b+b 4 
-63-6+* 
+ 6-6+* 

* -b 2 -b, + 

+ 6 3 -6+- 

* + b+b 
+ 6 3 -6+- 
+ 6-6+' 



6-6+* -6+6 4 - 



+ 6-6+ 
6-6+* + 6+6-* -6-6+*) 



x; a: 
x; y 
x\ z 
y; x 
V,V 

v; « 

Z\ X 

z; y 

z: z 



TABLE V: Polarization observables of single and double pion photoproduction in terms of the helicity and transversity ampli- 
tudes. These observables arise with linearly polarized photons, and are proportional to cos 2/3 in the cross section. The notation 
is as in table ITT1 



Helicity Form 



Transversity Form 


Expt. 


Type 


23? 


'-(b+b-*) ~ b+b-* - b+b-* - 6+6"*) 


i L 


'M 




B £ 


23 


[b+b-* + 6-6+* + 6+67* + 6-6+*) 


\ L 


(f.o 


);-;-} 


B f T 


23? 


'-(b+b-*) - b+b~* + b+b-* + 6+67*) 


i L 


(f.o 






23? 


b+b-* + 6-63+* + 6+67* + 6 2 -6 4 +*) 


{ L 


(f.o 


);z;-} 




-23 (6+6"* + 6-6+* + 6+67* + 636+*) 


{M 


f.o) 


; — ; cc' J- 




23? 


-(b+bi*) + 6+6-* - b+b-* + 6+67*) 


{M 


f.o) 


; -; y'} 




23? 


'6+6-* + 6-6+* + b+b-* + 636+*) 


{ L ( 


f.o) 


; -; z'\ 




23? 


'b+b-* + 6-6+* - 6+67* - 6-6+*) 


(£ 




;x; x'j 


B f TR 


23 


'6+63* + 6-6+* - 6+67* - 6- &+*) 


{ L 




; y'} 




-23 (b+b-* +6-6+* +6+67* +& 1 " i, 4*) 


{l 


(f.o, 


; a;; si' | 




-23 (6+6-* +6"6+* -6+67* -63-6+*) 


{l 








23? 


^-(6+6-*) + 6+6 2 - + b+b-* - 6+67*) 


{l 


(f.°; 


; y'} 




23? 


'6+6-* + 6-6+* - 6+67* - 63-6+*) 


{l 


f.o < 


; 2' J 




23 


'-b+b-* - b-b+* + 6+6-* + 6-6+*) 


{l 








23? 


;6+6 3 -* + 6-6+* - 6+67* - 6-6+*) 


{l 


(f.°: 


; ^; y'j 




23? 


'-6+63- - 6-6+* - 6+6"* - 676+*) 


i L 


(f.o 


t %\ } 





-23? (7M + A17* + A4 + X7* + M + M~ 
-23? (A4 + A17* + A17A1 + * + M + M- 
M + M-* + 7M7A4 + * + M + M 
M + M- 
M+M~ 



23 (M + M-* + A47JM+* + M + M 4 " 



+ M + M'* - M+M~" 
+ M-M + * +M + M-' 



-M+M~ 
M + M-* 
M^M-* 
-M + M- 

(m+m- 

M + M-* 
M + M-* 
-M + M- 
M + M-* 
M+M7* 



+ m;m- 

+ M-M + * 
+ M-M + * 



- MJM\ 
-M + M'* 
-M + M'* 
M- Ml* + M + M- 

* + M-M + * + M + M- 
+ M-M + * - M + M-* 
+ M-M + * - M + M-* 

* - M-M + * + M + M- 
+ M-M + * - M + M'* 
- M + M-* - M+M3 * 



* +M + M-* 

* +M-M + * 
+ M-M + *) 
-M + M-*) 

+ m;m+*) 

+ M-M + * 

* +M + M-* 
+ M-M + *) 
-M~M+*) 

* +M-M + * 

* +M-M + * 
-M-M + *) 
-M-M + *) 

* +M^M + * 
-M-M+*) 
+ M + M-*) 
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[o xx , + iO s zz , + c (O xz , - to\ x ,)f + [o xz , - zo> xx , ( (o% x , + iO c zz ,)Y 

1 + ZOyy + C (P$ + £P y )] 2 -[l Q + CO® , + C {Py + £P t 



(60) 



In each of these equations, £ and ( can independently take either of the values ±1, meaning that the seven equations 
shown above actually represent 28 identities. We can also obtain another 21 identities from considering the phases 
of the transversity amplitudes, but we do not display these here. We also point out that the equations above were 
obtained from considering the transversity amplitudes. Had we considered the helicity amplitudes instead, we would 
obtain a different set of 28 identities among the observables from the magnitudes of the amplitudes, and another 21 
identities from their phases. In either case, we are left with 15 independent observables. 

As was done in the case of ttN — > wwN, we can use the identities above to write a number of inequalities that the 
polarization observables for — > ttttN must satisfy. These inequalities are 



\Pz>+SO vx , + c(p® + so®,)\' : 



1 + iPy 

P X + iO X y, + C ( 



S y' 



■COS, 



Py + £®yy' 

Pz + iO Z y, 4 



<(Py & 



s yy 



C(if+fO®,)|}, 

l + £O^-C(/ +^)| > {\Py + ZPv>-<(l?+SP$) 

\o xz , - w zx , + c (0% - &%)\ , \o xx , + io zz , - c (0% , + &f z ,) I } 
\p + zo vy , + c (p° + £P°,)\ , \i° + scr m , + c (Py + tpp) I } , 



l + iPy + Q[P? 



V' 



> 



\P^+CO S y x ,+C{P^+^0 C yz ,)\ 



{|/ + £P© + C(Py + £O w O| , 

\ps,+ZO yz ,-((PZ,+ZO c yx ,)\} 



l + £Py-C P, 



)\>-{ 



\p^+^o X y, + c(p:+^o c zvl ) 

l+COyy,+((P°+CP° 

o xx , + zo zz , + c(o xz ,-zo c zx ,) 



ps 



iP^-CiPy+iOyy,) 

C(pC+tO C X y,)\}, 



> {\l & +tO° y ,+((Py /+ ZPy) , 

z ,-ZOl x ,-Q(oi x ,+(iO<; z )\}. 



\O s . 



These inequalities can also be manipulated (as was done for ttN — > ttttN) to lead to 

l + P^+(l & ) 2 +(Py & ) 2 > 

p 2 x ,+o 2 y X ,+(p°) 2 +(o° x ,y, 

1+P 2 ' + (I Q ) 2 +{K>) 2 > 

P 2 X +0ly, + (P°) 2 +(0% 

i+^+(^ ) 2 +KO 

ol z , + ol x , + {o%f + (o%,f 



Pl + ol z , + {p$f + (o° z ) 

P 2 y+Oly, + (P°? + (0° y )\ 



> 



1+0? 



p z 2 + o^ + (pf) 2 
oL, + ^ + (c^) a + (o®,) a }. 

(^ ) 2 +KO 2+ ( p , ) 2+ (^) ; 



(61) 
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(n 2 + (o s yyl ) 2 + (p°y + (pp) 2 , in 2 + (oi y ,) 2 + (p;) 2 + (p;,) 2 } , 

i+^ 2 +(^) 2 +K) 2 > {(n 2 +(Py G ) 2 +^+o 2 yy/ , 

(p°,f + (o s yx ,) 2 + (p^f + (o yz ,) 2 , (p:,) 2 + (o yz ,) 2 + {P c x ,f + (o c yx ,) 2 } 
(P.) 2 + (o s xyl ) 2 + (p c z ) 2 + (oi y ,) 2 , (P!f + (o s zy ,) 2 + {P c x f + (o xy ,) 2 } , 

i+^+(^) 2 +m 2 > {(^ ) 2 +KO 2+p ,' +p , 2 ' 

{O xx ,f + (O s zz ,f + (O xz ,f + (O c zx ,f , (O s xz ,f + (O zx ,) 2 + {O xx ,f + (O c zz ,f } . (62) 

A. Required Experimental Measurements in 7A — » nnN 

As in the case of ttN — > irirN, we can examine which observables need to be measured in order to extract information 
on the helicity or transversity amplitudes. As there are eight such amplitudes, a minimum of eight measurements 
must be made at each kinematic point (recall that these observables depend on 5 kinematic variables) to obtain the 
absolute magnitudes of the helicity or transversity amplitudes. In terms of our choice of transversity basis, these 
measurements are the differential cross section, along with P y , P y > , O yy > , I & , P® , P yl and O yy , . 

The eight phases of the transversity amplitude mean that there are seven independent phase differences that can 
be extracted, and seven measurements are needed for this. For instance, the relative phases (in what should be an 
obvious notation) 07 — 0.7, (j& — (j>t, 07 — 07 and 0jj~ — 4>\ require measurement of any four of the eight observables 
P x i, P z i, O yx >, O yz >, P®, P®, O yx , and O yz ,. 07" — 0.7 and 07 + 0jj~ may then be extracted from measurement 
of any two observables from among P x , P z , O xy ' } O zy >, P®, P®, O xy , and Of yl , along with use of the identities 

4*2 ~ 4*4 = {4*2 ~ 4*t) + {4*\ ~ 4'f) + (4'f ~~ 4>t)- The remaining independent phase can then be extracted from one 
of the observables that arise from linearly polarized photons. A 'complete' set of experiments will therefore require 
measurement of single, double and triple polarization observables, in addition to the differential cross section. 

B. Parity conservation 

For the process jN — > nN, parity conservation leads to the relationships 

MZ X x l_ x , N (6) = (-l)"->-^M x x -< yN (8). (63) 
The relationships that arise among the helicity amplitudes for jN — > ttttN are 

MZt-x„(Wi><h) = (-^- Xn+X ' n M X x I x , {0,0 u 2n-4>i). (64) 



As was the case with ttN — > ttttN, these relations can not be used to decrease the number of independent helicity 
amplitudes, but they can be used to determine which observables are even or odd under the transformation 0i <-> 
2tt- 0i. 

C. Construction of Transition Amplitudes 

1. 7A —> nN 

In this case, there are two independent vectors k, the momentum of the photon, and q, the momentum of the pion. 
A must be an axial vector, while Bij must be a tensor. For real photons, e ■ k = 0, so there can be no kj terms in Bij. 
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TABLE VI: Polarization observables of single pion photoproduction expressed as bilinear forms of the helicity amplitudes. 



Observable 



usual name 



helicity form 



transversity form 



Measurements 



yy } 

-n) 
-n) 

-o a ,) 

-n 
°«) 

-<r ,) 

xy' } 

v»' / 

yx' J 

-o e ,) 

zy' } 

o° ,) 

xy I 

yz / 



la 
T 
P 

To, 

T z 

E 

L x 

Lz 

F 

E 

C x 

C z 

H 

G 

O x 

o z 



\ M t\ + \ M i\ +\ M t\ +1^4 

-29 \m+ M+" + M +M+*) 
23 (.M + A4 + * + M^M + ") 
23? (-.M + 7M + * - .M + A1 + *) 
23? (M + M + ' - M + Mf) 
23? (-A4 + A1 + * + A4 + M + *) 
23? (.M + A4 + * - M + Mf) 



1 J_ 1 2 

|A4 + + 


A4+ 


2 

+ 


i 1 2 

M+ - 


M+ 


?(M+M+ 






\m+ 2 - 


M+ 


2 

+ 


1 1 2 

M+ + 


M+ 



-23? (.M+7V1+* + M+M+" 



M 



+ 



+* 



23 (.M + .M + * - MZS< I 
23 (-M+A4 



\Mi 



+ * + M + M+" 



-29 (m + 7M + * - X + X 
-29 (.M + 7M + * + A4 + .M 



23? 
-23 

Kl ; 

-23 
23? fb: 
-2 
23? f- 
-23 
23? (- 
23? (b 
-23 
23? 
-23 



+ 
' + | 
'' b+ 

-6+6+ 
+ h+* 



+ 6+6+ 



w 3 



+ 6+6 



bi* + bibi*) 
b+b+* + btb+* 



b + b + " — 6+6+*^ 
—6+6+* — 6+6+*! 
bibt 



bTbZ 



-6+6J 
6+6+* 



bZb: 



(-6+6+* +6+6+*) 
'6+6+* - 6+6+*) 



+ 67 



{-;-;-}■ 
{-;«;-}■ 
{-;-;✓} 

| — ; x; x' j- 

{-;*;*'} 
{-; s/; !/'} 

{-!«!«'} 

{-;.*'} 

{c;x; -} , 
{c;-,x'} 



;y; 

; 2:; ^ 
; 2; x 



{i(f,0 
{L(f,0) 
, {i(f,0 

. Wf.o) 
. {i(*.o) 
. Wf.o] 
, {i(f,o) 
. {i(i.o) 

|L(±f);, 
{i,(±f);*;j/} 
, {L(±})i»;*'} 

{£(±*) !»;*'} 

-} , {c; 2; 3/'} 
z; -} , {c; a; 3/} 
. |c;y;2'} 



,v} 

'} 
'} 
-.-} 

x; | 
X; x' j> 

✓ } 



The forms that can be written are 

„4 = afc x q, 

Bij = PiSij + fahqj + faMi- (65) 
Comparing this with the form written by Chew, Goldberger, Low and Nambu |T^ 

iM = {Fi& ■ £ + iF 2 ct ■ qa ■ k x e + F 3 a ■ kq ■ e + F^a ■ qq ■ e \ cj> (66) 
means that we can identify 

a = iF 2 , (h = F 1 -k-qF 2i 

02 = F 2 +F 3l fo = F 4 . (67) 

From the explicit forms for k, q and s(X), we can use eqn l|56ll to obtain A4^ = Aif, = —M^, (or, equivalently, 
b~i = &i±, = —bf) leaving four independent helicity amplitudes, as expected. These helicity amplitudes are 
related to those of Storrow for example, by N — M 2 , Si = M\ , S 2 = M-i and D = M 3 . Of the sixty- 
four observables, thirty-two vanish identically. Furthermore, all thirteen remaining triple-polarization observables are 
related to double- or single-polarization observables, or the differential cross section, and three of the remaining fifteen 
double-polarization observables are related to single-polarization observables, leaving a total of sixteen independent 
observables. The remaining observables are given in terms of the helicity and transversity amplitudes in table IvTl 

The relationships among these observables, obtained from consideration of the transversity amplitudes, are 

(P° =p P^f + (PQ ± P*,) 2 = (1± P y f - ( Pyl ± O yy ,f , 

(P® ± PI) 2 + (Pf T P S x f = (1 ± Py>) 2 ~ (Py ± O yyl ) 2 , 

(0 XZ > T ZX ,f + (0 XX , i ZZ ,) 2 = (1 i Oyy,) 2 ~ {Py ± Py^ . (68) 

These lead to the inequalities 

|1±P V |>{|P®T^|, \P$±P°'\, \P V '±Oyy,\}, 
\l±Py,\>{\P°±P:\, \P?TP*\, \Py±Oyy,\}, 

\l±Oyy,\>{\0 XZ ,TO ZX ,\, \0 XX ,±0 ZZ ,\, \Py±P y ,\}, (69) 
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i + Pl > {(P X & ) 2 + (p?? + {p*)\ P* + o 2 yy ,}, 

l + 2 vy ,>{0 2 xz , + 2 zx „ 2 xx , + 2 zz „ P 2 + P 2 ,}. (70) 



2. 7iV -> 7vkN 

For this process, we have three independent vectors, k, p 2 and q\ with which to construct a vector for A and a 
pseudotensor for By. However, using these leads to the difficulty that there are too many structures left in B y . To 
avoid this problem, we define an axial vector n as h = k x p 2 /N, with N — \k x p 2 \ — sin 9. h defines the y axis while 
the x axis is defined by ii x k = (p 2 — kk ■ p 2 )/N. We can now write 

qi = <7i • kk + <7i • nn + (qi ■ p 2 - q\ ■ kk ■ p 2 )(p2 ~ kk ■ p 2 )/N 2 (71) 

and use the axial vector n and the pseudoscalar V = q\ ■ k x p 2 — Nqi ■ h instead of qi to build the structures that 
make up A 1 and B %3 . h and V can appear only once in these structures since, by expanding the product of Levi-Civita 
tensors, it is easy to show that V 2 is a scalar that depends only on quantities already defined 

V 2 = 1- (k-p 2 ) 2 - (k ■ ft) - (p2 • qi f - 2k ■ P2 k ■ q x p 2 • ft, (72) 

while h l h 3 can be expressed as 

h i hi = gu _ vtii+wti +k-p 2 (k%+pw) _ (73) 

The vectors that can make up A 1 are k l , q\ and Vn % . Since s ■ k = 0, only two structures remain. Similarly B %3 can 
be expressed as a sum of h l p 3 2 , hk 3 p 2 n 3 \ Vp 2 p 2 , Vp\k 3 ' , V8 t3 , e l3h k k , e ljk p 2 and Ve' l3k h k . 
Expressing e 1 as 

e* = e-kti +e-hh i + (e ■ p 2 - e ■ kk ■ p 2 )(p 2 - fck ■ p 2 )/N 2 (74) 
= e-nh l + e ■ p 2 {p 2 - Uk ■ p 2 ) / N 2 , (75) 



it is easy to show that the last three structures can be expressed as 

(76) 



Jjktkj _ n l p^ 2 -n i k 3 p 2 -k~p 2 h 3 

6 /Co — ~ ( 



N 



e 



ijk ~k i 



Wpyt ■ p 2 — n l k 3 + p\h 3 k ■ p 2 i 



= ' ?± e* (77) 

Ve ijk n k s i = P^-e\ (78) 
These three structures can therefore be omitted from the construction of the amplitude. Finally, we write 

A = a,\q\ + a 2 Vn, 

B 13 = foffpi + p 2 h r k 3 + fop\h 3 + l3±Vp 2 p> 2 + (3 5 Vp 2 y + foV5 ij . (79) 

As discussed previously, parity conservation can be used to tell which observables are even and which are odd under 
the transformation (f>i <-» 2ir — <j>\. In the previous subsection, we listed the non- vanishing observables for 771 — ► Nn. 
The corresponding observables in 772 — > Nttt: are all even under the transformation in <j>\ . The variables that vanish 
in ^N — > ttN, are non-zero for jN — > nnN, but are odd under the <j>\ transformation. 
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V. CONCLUSION AND OUTLOOK 

We have developed a set of polarization observables that are applicable to final states that contain two pseudoscalar 
mesons and a spin-1/2 baryon, such as Nrnr, and have examined the observables that arise using both photon and pion 
(or other pseudoscalar meson) beams. We have written these observables in terms of both helicity and transversity 
amplitudes, obtained relationships among them, and used these to list inequalities that these observables satisfy We 
have also indicated the measurements that are needed for each observable. The framework that we have used is a 
very simple one: undoubtedly, the expressions for the observables and the relationships among them can be derived 
in a more elegant manner. 

While we have discussed helicity and one set of transversity amplitudes, there remains the possibility of defining 
yet another set of amplitudes, and writing the observables in terms of these. In the com frame, the momenta of 
the final particles satisfy f>2 + <fi + Cj2 = 0, which means that they define a plane. The normal to this plane can be 
defined by pi x q±, and this offers another natural axis for quantization of the spin of the final nucleon. One possible 
advantage of using this axis is that it automatically incorporates information about the entire final state, not just 
the final nucleon. Whether this leads to any particular advantage, simplification or insight into the observables, the 
relationships among them, or even in the amplitudes themselves, awaits exploration. 

As we stated at the start of this manuscript, polarization observables are crucial for extracting resonance information 
from scattering data. Differential cross sections, presented in whatever form, will only provide information on the 
magnitudes of helicity or transversity amplitudes. Phase information is crucial, and this is only available from 
measurement of a number of different observables. This is well known for processes like 7 TV — > irN. The same is true, 
or perhaps, even more true, for processes like 7-/V — > ttttN. Models with quite different input can and will succeed 
in describing the total and differential cross section, but the polarization observables will serve to distinguish among 
such models. 

A number of these observables can be measured in the near future at existing facilities, for a number of processes. 
Indeed, the photon polarization asymmetry J®, has already been measured at Jefferson Laboratory 14] for 7p — > 
p7r + 7r~, and the analysis is continuing at present. Clearly, this variable can be measured in other channels, and there 
are plans to do so for jp — > pTT°n° at Bonn 15]. The existence of polarized targets means that P x , P y and P z are 
accessible, and coupling such targets with circularly polarized beams allows measurement of P®, P® and P®. The 
use of linearly polarized photons opens the door to measurements of PJ' C , Py' c , Pz' c an d I s ' c ■ For processes with a 
hyperon in the final state, such as 7 A — > ttKA, the self- analyzing decay of the hyperon allows its polarization to be 
determined, in principle allowing many more observables to be measured, including a number of triple-polarization 
ones. For processes like ttN — > ttttN, three of the observables are readily available with polarized targets. All 
others require the measurement of recoil polarization. Unfortunately, there are at present no existing hadronic beams 
facilities that will allow us to capitalize on these observables. 

We have not attempted to explore the properties of the observables that we described herein, apart from a brief 
discussion of the oddness or evenness under the transformation. In particular, we have said nothing on their values 
at special values of 8, for instance, such as 9 = or n. This is left for a possible future manuscript. In the near future, 
we plan to explore a number of these observables in the framework of an existing model for the photoproduction of 
two pseudoscalar mesons off a nucleon target. In particular, the sensitivity of the observables to the details of the 
underlying dynamics, as well as the rich structure of these observables, will be discussed. 

Acknowledgment 

WR thanks B. Mecking for reading the manuscript, and F. Gross for discussions. This work was supported by the 
Department of Energy through contract DE-AC05-84ER40150, under which the Southeastern Universities Research 
Association (SURA) operates the Thomas Jefferson National Accelerator Facility (TJNAF). 



[1] See, for example, B. H. Bransden and R. G. Moorhouse, The Pion Nucleon System, Princeton University Press, New 
Jersey, 1973. 

[2] See, for example, J. S. Hyslop, R. A. Arndt, D. Roper and R. L. Workman, Phys. Rev. D46, 961 (1992); 

B. R. Martin, Nucl. Phys. B94, 413 (1975). 
[3] J. K. Storrow in Electromagnetic Interactions of Hadrons, Volume 1, A. Donnachie and G. Shaw, eds., Plenum, 1978. 
[4] R. L. Walker, Phys. Rev. 182 (1969) 1729. 

[5] I. S. Barker et al, Nucl. Phys. B95 (1970) 347; I. S. Barker, A. Donnachie and J. K. Storrow, Nucl. Phys. B79, 431 (1974), 
and references therein. 



20 



[6] I. S. Barker, A. Donnachie and J. K. Storrow, Nucl. Phys. B95, 347 (1975). 
[7] See for example: D. Schildknecht and B. Schrempp-Otto, Nuovo Cimento 5A (1971) 103; 
J. Ballam et al, Phys. Rev. D5 (1972) 545; 

K. Schilling, P. Seyboth and G. Wolf, Nucl. Phys. B15 (1970) 397; 
R. Saenger and W. Schmidt, Ann. Phys. 54 (1969) 307; 
R. L. Walker, Phys. Rev. 182 (1969) 1729. 
[8] F. Tabakin, Nucl. Phys. A 570, 311C (1994); 

M. Pichowsky, C. Savkli and F. Tabakin, Phys. Rev. C 53, 593 (1996); 
C. Savkli, F. Tabakin and S. N. Yang, Phys. Rev. C 53, 1132 (1996); 
F. Tabakin, Nucl. Phys. B 570, 311 (1994); 

W. M. Kloet, W. T. Chiang and F. Tabakin, Phys. Rev. C 58, 1086 (1998): 

W. M. Kloet and F. Tabakin, Phys. Rev. C 61, 015501 (2000). 
[9] See, for example, S. M. Berman and M. Jacob, Phys. Rev. 139, 1023 (1965); 

S. M. Berman and M. Jacob, SLAC-0043, unpublished; 

J. Werle, Nucl. Phys. 44, 579 (1963); 

J. Werle, Nucl. Phys. 44, 637 (1963); 

J. Werle, Phys. Lett. 4, 127 (1963). 
[10] See, for example, R. Koniuk and N. Isgur, Phys. Rev. D21, 1868 (1980); 

R. Koniuk and N. Isgur, Phys. Rev. Lett. 44, 845 (1980); 

S. Capstick and W. Roberts, Phys. Rev. D 49, 4570 (1994); 

S. Capstick and W. Roberts, Phys. Rev. D 47, 1994 (1993). 
[11] M. Jacob and G. C. Wick, Annals Phys. 7, 404 (1959). 
[12] A. Kotanski, Acta Physica Polonica 29, 699 (1966). 

[13] G. F. Chew, M. L. Goldberger, F. E. Low and Y. Nambu , Phys. Rev. 106, 1345 (1957). 

[14] S. Strauch [CLAS Collaboration], arXiv:nucl-ex/0407008 S. Strauch [CLAS Collaboration] in proceedings of 2nd Conference 

on Nuclear and Particle Physics with CEBAF at Jlab (NAPP 2003), Dubrovnik, Croatia, 26-31 May 2003 
[15] U. Thoma, private communication. 



